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Abstract. The polymer-based hydrogel systems (PHGS) have a wide range of applications in fields like medicine, agriculture, robotic, 

and others, which has been made these arrangements a promising study area. The poroviscoelasticity behavior present in the PHGSs is 

associated with the polymeric chain movements and molecular diffusivity of solvents and solutes through the polymeric network due to 

the actuation of mechanical forces and the chemical potential differences between the structure and the surrounding. In this review paper, 

we seek to present a bird's eye view of the approaches and concepts, concerted from the thermodynamics and continuum mechanics of 

solids, that search the description of the PHGS response to the mechanical and chemical surroundings stimulus, punctually the models 

that consider the volume of the PHGS as a monophasic homogeneous structure where multiple components coexist. In the beginning, the 

physical-chemical properties of PHGSs are connected with the crosslinking sort of the polymeric network, chemical or physical, and the 

kind bonds present between polymer chains. Initially, it presents the equilibrium state achieves between the PHGS and the surroundings 

and where the swelling or shrinking is stopped. Then, it exposes the infinitesimal deformation and the finite deformation approaches, 

from nonequilibrium thermodynamics, and the poroviscoelasticity approach as an alternative method, that describes the dynamical 

evolution of the PHGS. Finally, the finite deformation approach is extended to describe the multicomponent mass transfer in PHGS.  
 

Keywords: hydrogels, polymers, poroviscoelasticity, swelling, strain, stress, shrinking, non-equilibrium, equilibrium, mass transfer, PHGS. 
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1. Introduction 
 

Hydrogels are hydrated systems based on three-dimensional 

polymer networks characterized to absorb their mass in water many 

times. Structurally, they can be classified according to polymer 

structure as: (i) chemically-crosslinked hydrogels (i.e., hydrophilic 

polymer networks whose chains are covalently linked, therefore, 

they are insoluble in water and undergo an increase in its volume as 

a result of water absorption), and (ii) physically-crosslinked 

hydrogels (i.e., hydrophilic polymer networks whose chains are 

interacting by ionic forces, dipole-based interactions, hydrogen 

bonds, physical entanglements of individual polymer chains; or a 

combination of two or more of the above interactions. They absorb 

water undergoing an increase in their volume; however, as the 

chains separate as a result of expansion, their interactions decrease, 

and then, they are solubilized). Interpenetrated polymer networks 

(IPNs) are a particular case of physically-crosslinked hydrogels 

where hydrogel resulting is not soluble, but chains are physically 

interacting. In other cases, physical entanglements of chains are so 

strong that polymer matrix is insoluble (e.g., highly-branched 

polymers characterized by branching with a high degree of 

polymerization) (Caló and Khutoryanskiy, 2015; Bashir, et al., 

2020). 

It is essential to differentiate the concept of hydrogel used in 

polymer chemistry from the concept of hydrogel associated with a 

multiphase dynamic hybrid system. In the first case, the hydrogel is 

the polymer, which can pass from a state 1 (dried) to a state 2 

(hydrated), and even, depending on the amount of absorbed water, 

intermediate or critical states could be defined (i.e., unsaturated, 

saturated, or oversaturated). In any case, under this approach, the 

hydrogel is a type of polymer. In the second case, the term hydrogel 

refers only to hydrated polymer since hydrogel behavior is related 

to polymer structure, but at the same time, it depends on the 

hydration state. For example, linear poly(acrylic acid), or linear 

PAA, is a superabsorbent. It is a hydrogel because its behavior in 

the presence of water is characteristic of hydrogels (i.e., it absorbs 

water and increases its volume due to hydration). The same occurs 

with crosslinked poly(acrylic acid) (crosslinking degree = 5 %) but 

not occurs with highly-crosslinked PAA (crosslinking degree = 50 

%), which is like a rigid-sphere with surface hydrophilic groups. 

However, when PAA is introduced in a non-polar liquid, it does not 

behave like a hydrogel. Therefore, the structure is not a single 

criterion to define when a polymer behaves like a hydrogel. In 

practice, a hydrogel is used to name highly-hydrophilic polymers 

without considering that the dry and negligible degree of hydration 

states do not imply a behavior typical of a hydrogel. 

In order to avoid confusion, the system defined by hydrated state is, 

in this review, named to be polymer-based hydrogel systems 

(PHGSs). Consequently, it is concluded that the basic structure of 

PHGSs includes a high-hydrophilic polymer phase, water, and other 

species like counterions or solutes dissolved in the water acting as 

solvent of them. The chemical potential, interaction strength among 

polymer structure and water molecules, and the structure's elastic 

response are the factors triggering the entrance or exit of solvent 

(i.e., water) and solutes. Here, gels of a non-polymeric nature are 

not included, resulting from highly-concentrated aqueous solutions 

of low molecular weight molecules, characterized to be highly 

hydrophilic and undergoing strong intermolecular interactions in an 

aqueous medium. Their applications cover a wide range of areas, 

including medicine, the pharmaceutical industry, agriculture, the 

food industry, among others (see Table 1). 

The dynamic behavior of PHGSs can be characterized by two 

physical-chemical properties: poroviscoelasticity of polymer 

structure and the diffusivities of solvent and solutes species. The 

poroviscoelasticity is the structural property that characterizes the 

mechanical response of PHGSs, giving rise to the processes of 

swelling and shrinking, which are time-dependent non-equilibrium 

processes. The species diffusivities are parameters describing the 

mass transfer process. The chemical potential differences of the 

solvent and solutes are the driving force of the mass transfer process, 

and therefore, it determines the swelling or shrinking of polymer 

structure. In particular, species diffusion can happen under 

mechanical equilibrium conditions, but changes of concentration 

species can result from the differences in the chemical potentials 

between the inside of the structure and the environment.  In addition, 

PHGSs can also undergo the release of water content by no-

diffusive mechanisms which are not controlled by chemical 

potential.  Some examples are the biodegradation, crosslinking and 

uncrosslinking by changes of dynamic chemical bonds, and 

hydrolysis of polymer structure; however, these mechanisms are not  
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Table 1. Some applications of hydrogels 

 

Research field Polymers and materials Application Reference 

Agriculture MMT-PAA Soil polymer conditioner (Lerma et al., 2014) 
 Polymer based on dextrose, starch, agar, 

citric acid and sorbitol 
Growth medium for plant growth promoting 
microorganisms 

(Garces et al., 2017) 

Drug delivery PEG, PEO, PPO, PDMAEMA, PLGA, 
PNIPAM, PPF, PCL, PU, POP, PHB, 
FITC, 
BAM 
 

Effectively delivering hydrogels inside the body without 
implantation. Prolonging the release kinetics of drugs 
from hydrogels.  
Expanding the nature of drugs which can be delivered 
using hydrogel-based approaches 

(Hoare and Kohane, 2008) 

 Porous scaffold-based in alginate with 
covalently coupled RGD and embedded 
with particles of iron oxide 

An active porous scaffold that can be remotely 
controlled by a magnetic field to deliver various 
biological agents. 

(Zhao et al., 2011) 

  HPMC 
 

To reproduce the hydrogel matrix behavior after drug 
administration  

(Caccavo et al., 2015) 

 Collagen, Calcium phosphate and 
Collagen, 
Poly(2-hydroxyethylmethacrylate), poly(2-
hydroxypropylmethacrylate), poly(acrylic 
acid), PEG, Urethane polymer, Carbomer 
940,  
Carbomer 980, Gelatin, Alginate, 
hydroxyethylcellulose, 
carboxymethylcellulose 

Hydrogel drug delivery systems. Control in time and 
space over drug presentation. Guidelines for rational 
design of hydrogel delivery systems based in 
experimental data and clinical translation  
 

(Li and Mooney, 2016) 

Food processing Whey protein isolate (WPI) Hydrogels induced by preheating solutions of WPI with 
CaCl2 

(Barbut and Foegeding, 
1993) 

Microfluidics Polymer based on acrylic acid, 
2-hydroxyethyl methacrylate, 
Ethylene glycol dimethacrylate and 
photoinitiator 

The fabrication of active hydrogel components inside 
microchannels via direct photopatterning of a liquid 
phase 

(Beebe et al., 2000) 

 PNIPAM, PNIPAA Develop and applications in remote-controlled (RC) 
nanocomposites hydrogels 

(Satarkar et al., 2010) 

 Alginate, PLGA, Chitosan, PPDO-co-
PCL-b-PEG-b-PPDO-co-PCL, 4-HBA, 
PVA, PU, PNIPAA, PEG, Silica, TPGDA, 
PBA-PAA, PFPE, AHPCS, Acrylamide, 
Agarose, Gelatin, 
Pluronic, PGS, Collagen, Silk fibroin, 
Methylated hyaluronic acid. 

Current development of microfluidic-based fabrication 
techniques for the creation of fibers, particles, and cell-
laden hydrogels  

(Chung et al., 2012) 

 Theoretical polymer  pH-sensitive hydrogels for microfluidic flow control 
systems 

(He et al., 2012) 

Oilfields Theoretical polymer  PHGS has been modeled on the exterior surface of a 
metallic tubing that imbibes a solvent and swells. The 
objective is redistribution of the hydrogel, building up 
the sealing pressure to the state of equilibrium 

(Cai et al., 2010) 

Pharmaceutics Poly(sorbitol citrate) Controlled-release of bioactive substances  (Palencia et al., 2017a) 
 Crosslinked PAA-Starch Controlled-release of cysteamine-AgNPs (Palencia et al., 2017b) 

Soft machines PVA / PAA, PNIPAA Piezoresistive sensors use pH-sensitive hydrogel to 
generate a deflection of the silicon membrane within a 
sensor chip that is translated to an output voltage 
signal 

(Gerlach et al., 2005) 

 HEMA:DMAEMA, PHEMA-co-MAA, 
PAAm-PCCA, PVA – PAA, poly(AA-co-
IOA), PMAA-PEGDMA, AAm-DMAEMA  

Physical background of sensors based in the stimulus-
response of pH-sensitive hydrogels  

(Richter et al., 2008) 

 SAM Dielectric elastomers study (Suo, 2010) 

Tissue engineering Collagen, Gelatin, Hyalluronate, Fibrin, 
Alginate, Chitosan, PAA, PEO, PVA, 
Polyphosphazene, Polypeptides 

Tissue engineering materials study (Lee and Mooney, 2001) 
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 Agarosa – cysteine, GRGDS A photolabile 3D hydrogel is generated like a matrix for 
guided axonal growth. The method proposes the 
immobilizing biomolecules in 3D matrices that offering 
a solution to construct scaffolds with programmed 
spatial features for tissue engineering applications. 

(Luo and Shoichet, 2004) 

 Chondroitin Sulfate, Hyaluronic acid, 
Chitosan, Cellulose, Alginate, Collagen, 
Gelatin, Elastin, Fibroin. 

Hydrogels based on natural polymers with different 
applications in tissue engineering  

(Van Vlierberghe et al., 
2011) 

 Gellan gum Gellan gum hydrogels as materials for applications in 
tissue engineering 

(Ferris et al., 2013) 

 

PSS: poly(styrene sulfonate); MMT: Montmorillonite; HPMC: hydroxypropyl-methylcellulose; PEG, poly(ethylene glycol); PEO, poly(ethylene oxide); PPO, poly(propylene oxide); PDMAEMA, 
poly(dimethylaminoethyl methacrylate); PLGA, poly(lactide-co-glycolic acid); PNIPAM, poly(N-isopropyl-acrylamide); PPF, poly(propylene fumarate); PCL, poly(caprolactone); PU,poly(urethane); 
POP, poly(organophosphazene); PHB, poly(R-3-hydroxybuty-rate); FITC, fluorescein isothiocyanate; BAM, N-tertbutylacrylamide; .AgNPs: Silver nanoparticles; RGD: Arginine – glycine – 
aspartic acid; PNIPAA: poly(N-isopropylacrylamide); PLGA: poly(D,L-lactic-co-glycolic acid); PPDO-co-PCL-b-PEG-b-PPDO-co-PCL:poly(p-dioxanone-co-caprolactone)-block- poly(ethylene 
oxide)-block-poly(p-dioxanone-co-caprolactone); 4-HBA: 4-hydroxy butyl acrylate; PVA: poly(vinyl alcohol); TMPTA: tri(methylol propane triacrylate); PEGDA: poly(ethylene glycol) diacrylate; 
TPGDA: Tripropyleneglycol diacrylate; PBA-PAA: poly(butyl acrylate)-b-poly(acrylic acid); PFPE: perfluoropolyether; AHPCS: allylhydridopolycarbosilane; PGS: poly(glicerol sebacate); PDMS: 
polydimethylsiloxane; PAA: poly(acrylic acid); HEMA:DMAEMA: 2-hydroxyethyl methacrylate - N,N-dimethylaminoethyl methacrylate; PHEMA-co-MAA: poly(hydroxyethyl methacrylate-co- 
methacrylic acid); PAAm-PCCA: poly(acrylamide) - polymerised crystalline colloidal array; poly(AA-co-IOA): poly(acrylic acid-co-isooctyl acrylate); PMAA-PEGDMA: poly (methacrylic acid)-
Poly(ethylene glycol) dimethacrylate; AAm-DMAEMA: acrylamide - N,N-dimethylaminoethyl methacrylate; SAM: soft active material; GRGDS: glycine– arginine–glycine–aspartic acid–serine. 

 

discussed in this review (Oliveira et al., 2004; Cai et al., 2010; Cai 

and Suo, 2011; Garces et al., 2017; Palencia et al., 2017a, Palencia 

et al., 2017b).  

Two physical approaches have been developed to understand the 

swelling hydrogels process used depending on the study objective. 

First, multi-phase approaches were developed based on the 

hypothesis that the polymer network and solvent are two phases.  

The Newton second law was used to generate models that include 

the reproducing friction, relative motion, and phases' viscosity 

(Tanaka et al., 1973; Tanaka and Fillmore, 1979; Peters and Candau, 

1986; Peters and Candau, 1988). Other models were developed 

treating the system as two-fluid using phenomenological 

hydrodynamic relations to associate the stress and the gel 

composition (Doi and Onuki, 1992; Yamaue and Doi, 2004; 

Yamaue and Doi,  2005; Doi, 2009; Calderer et al., 2010). These 

models require non-physical-based parameters and used several 

numbers of partial differential equations (PDE's). Also, these 

theories have a great capacity to detail the description of gel 

properties (Caccavo, et al., 2017). Nonetheless, they cannot be 

easily incorporated into the numerical simulations that study the 

material response in complex situations, however, these are not 

included in this work. This sort of approach does not include in this 

work. Second, the mono-phase point of view was developed to 

approaches the polymer-solvent system swelling like a unique 

continuous phase where multicomponent coexist (Durning and 

Morman, 1993; Hong et al., 2008). The more unified theories and 

popular has a thermodynamical framework coupling the large 

deformation theory with the mass transport diffusion. Thanks to the 

stronger thermodynamic based, this model requires fewer PDEs and 

can be easily adapted to numerical simulations that could reproduce 

the material's behaviors (An et al., 2010; Chester and Anand, 2010; 

Duda et al., 2010; Hong et al., 2010; Chester and Anand 2011; 

Chester, 2012; Lucantonio et al., 2013). All approaches discussed in 

this work are of this nature. 

Thus, it could consider a hydrogel system like an elastic 

homogeneous solid submerged inside a fluid medium.  Hence, it is 

necessary to select a reference frame to study the changes suffering 

to the hydrogel. In systems to involve solids, fluids, or both exist, 

two coordinated systems address them. First, the Lagrangian 

approach uses material coordinates that establish an initial reference 

state 𝑋𝐾 to measure the current variation to suffer the system 𝑥𝑖. 

Second, the Eulerian method uses spatial coordinates (𝑥1, 𝑥2, 𝑥3, 𝑡)  

in a control volume to measure the entry and exit of mass and energy 

through the boundaries. Both reference frames have been adopted 

in the hydrogel study and are necessary to include in the approaches 

that treat this work (Snoeijer et all., 2020). Nevertheless, the 

Lagrangian approach is more valuable when dealing with the 

coupling of the mass transport with solid mechanics is also 

challenging to analyze nonlinear solids in spatial coordinates 

(Caccavo and Lamberti, 2017).  

The above shows that a complete understanding of mechanical and 

mass transfer properties from a consistent thermodynamical and 

kinetical framework is vital for designing, applying, and optimizing 

functional PHGS. In this work, concisely, some of the more recent 

coupled models developed between the thermodynamic and 

continuum solid mechanics applied on the hydrogel field are shown. 

Initially, the nature of the physical-chemical properties in the PHGS 

system regarding the cross-linking and bond types are exposed. In 

the same section, the poroviscoelasticity response of the PHGSs is 

explained and is associated with the polymeric chain movements 

and molecular diffusivity. Following, the equilibrium state that 

reaches the PHGS is described in terms of thermodynamical 

equilibrium and the energy balance. Soon, the infinitesimal and the 

finite deformation approaches applied on the PGHS with a single 

solvent diffusion and developed from the non-equilibrium 

thermodynamics are presented. In addition, it is also shown the 

principal models allowing to compute the Helmholtz free energy 

due to the elastic, mixing process, and other energy forms. Next, a 

single diffusion poroviscoelastic approach is described. Finally, the 

finite deformation approaches developed from the non-equilibrium 

thermodynamics are present in terms of multicomponent mass 

transfer. In the same section, the ways to establish the mass transfer 

regimen, the molar flux calculation, and the diffusivity calculation 

under the influence of polymeric networks are included. 
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2. The nature of the physical-chemical properties in 

PHGS 
 

Crosslinking refers to chemical linking points of two or more chains 

or segments of polymer chains. When crosslinking is defined from 

physical interactions, they are not localized in one atom or atom 

group, but they are a result of interaction field on the space, usually 

electrostatic in nature. Mechanical crosslinking can be identified in 

the interpenetrate polymer network (IPNs), where two networks are 

not chemically linked, but they cannot be physically separated. It is 

essential to clarify that physical crosslinking is a form to name 

physical interactions occurring in the material and not corresponds 

to “true” crosslinking points. Whereas chemical crosslinking is a 

result of chemical transformations, physical crosslinking depends 

on the interaction strength between polymer chains and, 

consequently, on the nature of their functional groups, the 

intermolecular distance, which is directly associated with the 

polymer concentration, and chemical environment affecting the 

interacting groups and the properties of the chains (Maitra and 

Shukla, 2014; Palencia et al., 2014; Lerma et al., 2017). Effects of 

crosslinking type on hydrogel properties are summarized in Table 

2. 

From Table 2 can be concluded that the mechanical properties of 

hydrogels have a strong dependence on the nature of the 

crosslinking bonds. As it was previously indicated, crosslinking can 

be chemical (i.e., covalent, coordinate, and dynamic-covalent 

bonds) or physical (i.e., by electrical field interactions and 

mechanical interactions) (Caccavo et al., 2017a; Picchioni and 

Muljana, 2018). Some examples in the hydrogel context are 

summarized in Table 3. 
 
 
Table 2. Effects of crosslinking and the crosslinking degree (CLD) on hydrogel properties (Maitra and Shukla, 2014; Palencia et al., 2014; Lerma et al., 2017). 
 

Crosslinking  Effect Comments 

Chemical Solubility Solvation occurs in the particles, but these cannot be spatially reorganized to achieve a 
homogeneous distribution and form a liquid dissolution.  

 Swelling At a high CLD, polymer chains can be strongly hydrated, but the small interchain space impossibilities 
the inclusion of water molecules; therefore, the swelling is minimal.  On the contrary, at intermediate 
and low crosslinking degrees, in common, swelling is increased. In general, if crosslinking degrees 
increase, then swelling decreases. 

 Increase in atom number The inclusion of a crosslinker has been associated with the chemical incorporation of new atoms. 
However, the system is described by the size of the particle instead of molecular weight. Therefore, 
an effect on molecular weight cannot be defined. An increase in the number of atoms associated with 
an inert crosslinker leads to two situations: (i) a greater crosslinker size implies that the linking points 
are more distant and therefore the swelling is favored; and (ii) when the increase in the number of 
atoms is associated with a higher concentration, then linking points will be closer and therefore the 
swelling is disfavored. 

 Mechanical properties High CLD: In general, the material's mechanical properties are increased (hardness and mechanical 
resistance). Consequently, polymer particles can be packed in column systems, depending on their 
size, dispersed under stirring, and synthesized with defined forms depending on the synthesis 
methods.  
Mechanical properties decrease as CLD is decreased. The material is more flexible, the less the 
crossover, and the greater the distance between the attachment points. 

 Thermal properties Hydrogels behave like thermostable materials; therefore, they cannot melt. The fusion involves the 
supply of energy and the reorganization of the chains to achieve greater molecular mobility. In these 
materials, the observed process will be thermal degradation at high temperatures. 

Physical Solubility Hydrogels are soluble when the physical interaction allows the rearrangement of the chains. This is 
usually associated with voluminous side chains, which generate a greater intrachain volume. 
However, this reorganization depends on the degree of branching and length of the branches, since 
the higher the values, the greater the restriction of molecular mobility. An exception is the IPNs. 
Solubility is only observed when hydrogels are immersed in excess of solvent. 

 Swelling The polymer structure does not limit swelling. In these materials, swelling is observed at low solvent 
contents. As solvent content is increased, then hydrogel undergoes a gel behavior, i.e., swelling is 
stopped, but intermolecular interactions are strong; consequently, the system is a fluid characterized 
by high viscosity, with a gel-like behavior.   

 Mechanical properties A minor effect of physical crosslinking on mechanical properties is expected in comparison with 
chemically crosslinked hydrogels.  These materials cannot be packed, and defined forms can only 
be achieved by using auxiliary materials (e.g., containers). 

 Thermal properties Physically crosslinked hydrogels can be found, excepting the IPNs and highly-branched materials 
where molecular reorganization is not possible. 
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Table 3. Examples of crosslinking type in hydrogels  
 

Crosslinking 
type 

Bond type Example Applications and remarks References 

Chemical Covalent HG based on 
poly(sorbitol citrate)  

Controlled-release of bioactive substances. The nature of crosslinking 
points is esters groups from hydroxyl groups from sorbitol and carboxylic 
acid groups from citric acid. Biodegradable material. Low molecular 
precursors. 

(Palencia et al., 2017a) 

  HG from crosslinked 
PAA-Starch 

Controlled-release of cysteamine-AgNPs. The nature of crosslinking 
points is esters groups from hydroxyl groups from sorbitol and carboxylic 
acid groups from PAA. Partially biodegradable material. High molecular 
precursors. 

(Palencia et al., 2017b) 

 Coordinate Alginate HGs Drug delivery vehicles in cancer treatment and wound dressing. 
Biobased HG from biopolymer. HG’s network is formed from calcium or 
magnesium salts which can be used as ionic crosslinker (egg-box model). 
Though crosslinker is defined to be ionic in nature, the interaction with 
polymer is by coordination of divalent cation.  

(Abasalizadeh et al., 
2020) 

  HGs containing 
dopamine, and HGs 
based on cathecol-DMA 

Tris-complex crosslinking of the metal-ligand complex between Fe3+ ions 
and catechol groups is controlled by changes of pH. 
It is identified as a potential material for designing soft actuators and 
robots. 

(Liao et al., 2017; 
Pichioni and Muljana, 
2018) 

 Dynamic-
covalent 

HGs based on 
acylhydrazone and 
disulfide bonds 

HGs are characterized to show environmental adaptive self-healing ability 
and dual responsive sol-gel transitions. 
Crosslinking points are based on disulfide bonds (-S-S-) 

(Deng et al., 2012; 
Pichioni and Muljana, 
2018) 

Physical Ionic HGs based on chitosan 
and sodium alginate 

Polyelectrolyte complex from one biopolymer (alginate) and a biobased 
polymer (chitosan) 
Potential applications as flexible solid-state supercapacitors 

(Zhao et al., 2018) 

 Hydrogen bond HGs based on chitosan 
and PVA 

HGs are obtained from one biobased polymer and a synthetic polymer. 
Biocompatible drug delivery systems. It is produced a strong interaction 
among electronegative atoms of functional groups on polymer chains (N 
and O for chitosan, and O for PVA) and hydrogen atoms linked to 
electronegative atoms from another polymer chain (-O-H and -N-H). 

(Berger et al., 2004) 

  HGs from PVP and 
tannic acid 

HGs were named as "coacervate HGs". These shown reinforced 
molecular interactions attributed to the presence of galloyl groups with a 
high density, and they were prepared by simple mixing. 

(Gyum-Nam, 2019) 

 Mechanical HGs based on IPNs 
from konjac 
glucomannan and 
PMAA 

MAA was polymerized in side of konjac glucomannan using MBAm as 
crosslinker. HGs showed a sensitive response to environment pH value 
respect to degree of swelling. It is proposed as carrier candidate for 
colon-specific drug delivery. 

(Xu et al., 2013) 

HGs: Hydrogels; DMA: Dimethylacrylamide; PVA: Poly(vinyl alcohol); PVP: poly(N-vinylpyrrolidone); PMAA: poly(methacrylic acid); MBAm: Methylenebisacrylamide 
 

 

3. Poroviscoelasticity in PHGSs 
 

In PHGSs, the poroviscoelasticity phenomena are the associative 

response between viscoelasticity and poroelasticity behaviors due to 

the solvent molecules' migration and movement, as shown in Figure 

1. The viscoelasticity is generated by the configurational variations 

or deformations related to molecular sliding between polymer 

chains and rotational of the chemical bonds among the parts of an 

individual polymeric section. In this conformational event, the 

PHGS shape changes happen at constant volume because the 

solvent molecules have a “short-range” motion. The poroelasticity 

is produced by a “long-range” motion of the solvent molecules 

where its numbers are not conserved locally. In this case, the volume 

swelling or shrinking results from the differences in solvent 

chemical potential between this and surroundings (Hu and Suo, 

2012; Wang and Hong, 2012; Caccavo and Lamberti, 2017; 

Caccavo et al., 2018). 

The viscoelasticity and poroelasticity are material-specific 

properties and time-dependent terms. The viscoelasticity is related 

to the viscoelastic relaxation time 𝜏𝑣, which is specific for each 

polymeric material and independent of the specific length or any 

macroscopic observation. Here, the specific length refers to 

experimental geometry, and it is much larger than any microscopic 

or molecular scale (Schapery, 1997). So, the 𝜏𝑣 is a time scale 

associated with a short-range molecular movement, as said above. 

The poroelasticity is characterized by the effective diffusive 

coefficient 𝐷𝑖𝑗 of the solvent in the polymeric matrix. A unique 

length scale that gathers both terms  𝐿𝑐, denotes the distance of 

spread of solvent molecules within an equivalent time to the 

viscoelastic relaxation, as shown in equation (1). This length is 

exclusive for each pair polymer-solvent and independent of any 

specific length (Hu and Suo, 2012). Experimental measurements of 

𝜏𝑣 can be done using the indentation method (Cai, et all., 2010; Hu, 

et all., 2010; Hu, et all., 2011; Bush, et all., 2015), the compression 
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Figure 1. A graphical representation of viscoelasticity and poroelasticity. In the first 
behavior, the polymeric chains and the network suffers conformational rearranges, 
and the solvent molecules have a “short-range” movement. In the second behavior, 
the solvent molecules have a "long-range" movement (adaptation from Hu and Suo, 
2012). 
 

 
Figure 2. Schematic representation of different limiting conditions of viscoelasticity 
(V) and poroelasticity (P) where the square of the length 𝐷𝑖𝑗𝜏𝑣 is a function of the 

time 𝜏𝑣  (adaptation from Hu and Suo, 2012). 
 

test (Zhao, et all., 2010), and other techniques like atomic force 

microscopy and nanoindentation (Rosenbluth, et all., 2008; Charras, 

et all., 2009). In some cases, these experimental procedures permit 

the measurement of the 𝐿𝑐 and identify the viscoelasticity and the 

poroelasticity behaviors separately (Strange et all., 2013). 

 

𝐿𝑐 = √𝐷𝑖𝑗𝜏𝑣                                        (1) 

Experimental values of time 𝑡 and length 𝐿2 can be compared with 

known 𝜏𝑣 and 𝐿𝑐 for a specific material to determine the advances 

of viscoelasticity and poroelasticity process, as shown in Figure 2, 

where any point inside the diagram represents a pair of (𝑡, 𝐿2 ). The 

vertical line denotes the time of viscoelastic relaxation 𝑡~𝜏𝑣,, and 

the inclined line represents the time and the length of poroelastic 

relaxation 𝑡~ 𝐿2 𝐷𝑖𝑗⁄ . The graphic shows four regions in grey color 

boxes where indicate that the process must be started (unrelaxed) or 

finished (relaxed).   The limits of the regions in white color boxes 

express the dominant behavior in the rate of changing (relaxing) and 

the other process that must be started (unrelaxed) or finished 

(relaxed) (Hu and Suo, 2012). 

 
4. Equilibrium thermodynamics 
 

From a macroscopic point of view, the swelling relates to the mass 

quantity of solvent that an amount of dry polymer can absorb in the 

equilibrium state. So, the swelling mass ratio 𝑞𝐹 compares the mass 

of a hydrated PGHS after arriving at the equilibrium 𝑚ℎ𝑔  with the 

initial dry polymer mass 𝑚𝑑𝑔. With this, a limited hydrogel quantity 

has reached the equilibrium when 𝑞𝐹 is constant. 

 

𝑞𝐹 =
𝑚ℎ𝑔 

𝑚𝑑𝑔
                            (2) 

  

It can also say that the hydrogel reaches the state of swelling 

equilibrium with the solvent bulk when the solvent chemical 

potential inside the PGHS structure ∆𝜇1
𝐺  is balanced with the solvent 

chemical potential ∆𝜇1
𝑆. The subscript 1 is referred to the solvent 

and 2 for the polymer network, as seen in equation (3). Equation (4) 

shows the same equilibrium definition in terms of osmotic pressure 

𝜋, where is 𝑣1 the solvent's molar volume. Osmotic pressure 

determines whether the hydrogel is swelling or shrinking, which the 

solvent is going in or going out of the hydrogel until the osmotic 

pressure arrives at zero value in the equilibrium state (Okay et al., 

1998). 

 

∆𝜇1
𝐺 = ∆𝜇1

𝑆                       (3) 

 

𝜋 = −
𝜇1

𝐺−𝜇1
𝑆

𝑣1
= 0            (4) 

 

Now, consider a hydrogel sample that exchanges solvent molecules 

𝑛𝑠 with the surroundings and has a constant number of polymer 

segments (monomers) 𝑛𝑚, and crosslinking molecules 𝑛𝑐. It is 

known that the total volume of a hydrogel system is not exactly the 

algebraic sum of individual components volume. Nevertheless, it is 

assuming that the volume changes due to a mixture of polymeric 

network and solvent are neglect because the change due to swelling 

is enormous. Thus, it is conceivable to approximate that the sum of 

volume monomer and solvent's total volume estimates neglect the 

small crosslinking volume (Cai and Suo, 2012). 
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𝑉 ≈ 𝑛𝑠𝑣𝑠 + 𝑛𝑚𝑣𝑚          (5) 

 

Two thermodynamical potentials could be considered to know the 

hydrogel system's change: the Gibbs representation 𝐺(𝑇, 𝑃, 𝑛) and 

the Helmholtz representation 𝐴(𝑇, 𝑉, 𝑛).  

The change in the thermodynamical potential is generated by 

variations in the constraints described by the Gibbs - Duhem 

equation as seen for both representations in the equations (6) and 

(7). The Gibbs representation is compound to 𝐺(𝑇, 𝑃, 𝑛𝑠, 𝑛𝑚 , 𝑛𝑐) 

which the variation in the pressure changes the volume. The 

pressure can alter the total volume value, but this is only happening 

to the solid or liquid system at very high pressures.  Thus, the 

selected thermodynamical potential is the Helmholtz representation 

𝐴(𝑇, 𝑉, 𝑛𝑠) for the PGHS system, shown in equation (7), further 

including the volume approximation done by the equation (5). 

 

𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁             (6) 

 

𝑑𝐴 = −𝑆𝑑𝑇 + 𝑃𝑑𝑉 + 𝜇𝑑𝑁             (7) 

 

Hence, equation (8) defines the solvent's chemical potential as the 

Helmholtz free energy change concerning the solvent concentration 

variation 𝑐1 at a constant temperature, volume, and the other species 

concentration (Dimitriyev et al., 2019). 

 

𝜇1 = (
𝜕𝐴

𝜕𝑐1
)

𝑇,𝑉,𝑛𝑗≠1

                          (8) 

 

At this point, the integral definition of energy balance expresses the 

equilibrium state for a PGHS volume with the surroundings.  

 

 
 

Figure 3. A PGHS body under effects of the chemical load due to the entrance of 
solvent molecules by the action of the pump, mechanical load for the effect of 
hanging weight, and traction by friction (adaptation from Hong et al., 2008). 

The total Helmholtz free energy change 𝛿𝐴 over the hydrogel total 

volume 𝑑𝑉 is due to by: (i) any mechanical force applied over the 

hydrogel volume 𝐵𝑖 that is represented by the hanging weight; (ii) 

the traction exerted by the friction over hydrogel surface 𝑇𝑖; (iii) the 

chemical potential 𝜇𝑟 to the 𝑟 species adding or extracted to the 

hydrogel volume that is represented by a hypothetical pump, as 

shown in Figure 3 (Hong et all., 2008). The concentration 𝑐𝑟 of  𝑟 

species considers the solvent, ion charge species (pH-sensitive 

hydrogels), possible analytes (separations systems), and species that 

participate in photochemical reactions (photo-thermal gels) (Liu et 

al., 2015). Other forces that exert influence over the system, like 

electromagnetic, can be added to the balance (Hong et all., 2010). 

 

∫ 𝛿𝐴𝑑𝑉
𝑉

= ∫ 𝐵𝑖𝛿𝑥𝑖𝑑𝑉
𝑉

+ ∫ 𝑇𝑖𝛿𝑥𝑖𝑑𝐴
𝐴

+ ∑ (𝜇𝑟 ∫ 𝛿𝑐𝑟𝑑𝑉
𝑉

)𝑟     (9) 

 

5. Non-equilibrium thermodynamics  
 

5.1. Infinitesimal deformation with a single solvent 
diffusion 
 

To understand the hydrogel nonequilibrium process has used the 

concept of a homogeneous state. This approach accepts the 

hypothesis of infinitesimal deformation (𝜖𝑖𝑗) used to propose the 

fundamental equation. This development can be considered a 

simplification used to understand the large deformation theory that 

will be present in the next section. 

The homogeneous state considers the hydrogel system as a sum of 

many infinitesimal pieces laterally attached to one other and can 

evolve individuals in time to homogeneous way. In this scheme, 

hydrogel pieces' communication is defined by kinematic of 

deformations, balances forces, the mass balance of solvent, and 

solvent diffusion. Thus, it is possible to establish the setup that is 

constituted by a small homogenous piece of hydrogel, a set of 

external forces, molecules of solvent, and the environment.  

Some constraints of this model are that the solvent is the unique 

molecular species spreading in the volume without taking into 

account other species, and second, the system is isothermal. In the 

reference state, the hydrogel is not subject to external force, and the 

environment has a fixed solvent chemical potential 𝜇0. The system's 

physical representation is considered under the nonequilibrium 

thermodynamics models given 𝛿𝐴  be the Helmholtz free energy 

difference between the reference state and the current moment. 

Besides, it regards the chemical load (𝜇 − 𝜇0)  and mechanical load 

𝜎𝑖𝑗 which causes an infinitesimal deformation 𝛿𝜖𝑖𝑗. Equation (10) 

describes the composite thermodynamical system where the 

equality represents the reversible changes around the equilibrium 

state and the inequality the irreversible changes. 

 

𝛿𝐴 − 𝜎𝑖𝑗𝛿𝜖𝑖𝑗  − (𝜇 − 𝜇0)𝛿𝑐1 ≤ 0         (10) 

 

Moreover, a rheological model can describe the change in the 

Helmholtz free energy of the system. The complete setup is 
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represented by two springs 𝛼, 𝛽 and one dashpot �̂� as shown in 

Figure 4. Here, the independent variables are considered the strain 

of the spring 𝛼 and the dashpot �̂� defined in equation (11). The 

hydrogel is a soft matter system subject to small stress, so it has been 

possible to consider the polymeric chain and solvent molecules as 

incompressible parts. Instead, it is possible to relate the volumetric 

change of the hydrogel by the variation of the solvent molecules 

inside the structure as shown in equation (12), where Ω is the 

volume per solvent molecule 

 

𝐴 = 𝐴(𝜖𝑖𝑗 , 𝜖�̂�𝑗)                   (11) 

 

𝜖𝑘𝑘 = Ω(𝑐1 − 𝑐10
)             (12) 

 

Considering the above can describe the energy interactions 

experience by the system as shown in equation (13). When the 

dashpot is constrained 𝛿𝜖�̂�𝑗 = 0 , the two spring is deformed to 

equilibrate the load over the system, and the change in the chemical 

potential represented equally (14). When the spring 𝛼  is constrained 

𝛿𝜖𝑖𝑗 = 0 the system needs to dissipate energy through the 

subsystem form with the dashpot and the spring 𝛽  that is 

representing by the inequality (15). The 𝛿𝑖𝑗 is the Kronecker delta 

where δij = 1 when 𝑖 = 𝑗  and 𝛿𝑖𝑗 = 0 when 𝑖 ≠ 𝑗  (Holzapfel, 

2002).   The equation (14) is an equation of state, and the inequality 

(15) is a kinetic time-depended, which how the system dissipates 

energy through the viscoelasticity. Both expressions represent the 

nonequilibrium thermodynamical imbalance due to the load and 

chemical potential effects, generating viscoelasticity and 

poroelasticity response (Hu and Suo, 2012).  

 

[
𝜕𝐴

𝜕𝜖𝑖𝑗
−

(𝜇−𝜇0)

Ω
𝛿𝑖𝑗 − 𝜎𝑖𝑗] 𝛿𝜖𝑖𝑗 +

𝜕𝐴

𝜕�̂�𝑖𝑗
𝛿𝜖�̂�𝑗 ≤ 0            (12) 

 
𝜕𝐴

𝜕𝜖𝑖𝑗
=

(𝜇−𝜇0)

Ω
𝛿𝑖𝑗 + 𝜎𝑖𝑗                (13) 

 
𝜕𝐴

𝜕�̂�𝑖𝑗
𝛿𝜖�̂�𝑗 ≤ 0                  (14) 

 

5.2. Finite deformation with a single solvent diffusion 
 

5.2.1. The deformation gradient and the nominal 
stress  
 

Also knows as deformation gradient tensor �̿�. In general, the 

deformation gradient can break down by the product of elastic  �̿�𝑒 

and swelling �̿�𝑠 elements (Chester and Anand, 2010; Chester and 

Anand 2011; Chester, 2012). The �̿�𝑠(𝑿) denote the swelling and 

local distortion of the polymeric network due to the absorption of 

fluid molecules inside a structural space 𝑿.  

The �̿�𝑒(𝑿) correspond to mechanical elastic distortion due to the 

subsequent stretch and rotation of the polymeric network at 

structural space 𝑿.  Even the elastic distortion approximates a 

spontaneous process regarding a significant time-span situation like 

it is the swelling. Hence the elastic distortion has approximated a 

value of one. Also, the equilibrium thermodynamic process 

considers the current deformation state more important than the 

initial state (Hong et al., 2008). 

 

�̿� = �̿�𝑒�̿�𝑠 ≈ �̿�𝑠                       (15) 

 

As a result, the polymeric hydrophilic network allows entry to the 

system of a large quantity of solvent and other solute species. This 

process configures an external stimulus to the system that undergoes 

deformation from the reference (initial) to the current state, as 

shown in the Figure 5. The deformation gradient or the deformation 

gradient tensor can define as the present chance process to suffer the 

system 𝑥𝑖 concerning a reference state 𝑋𝐾. 

 

𝐹𝑖𝐾(𝑿, 𝑡) =
𝜕𝑥𝑖(𝑿,𝑡)

𝜕𝑋𝐾
= �̿�                   (16) 

 

 
Figure 5. (a) Reference state (initial state) (b)The current state. The cubic polymeric 
network is in equilibrium with applied forces and the environment with a value of 
chemical potential,  μ . The applied force act on the cube's six faces agrees with 
the nominal stress definition, PiK. The components of the three vectors define the 

deformation gradient,  FiK  (adapted from Cai and Suo, 2012; Hu and Suo, 2012). 
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The external work done on the hydrogel is related to the variation in 

the total energy concerning the deformation suffered by the system. 

The nominal stress 𝑃𝑖𝐾, also known as the first Piola-Kirchoff stress 

tensor, expresses the instantaneous change in the system energy by 

changing the deformation gradient concerning to a reference state 

(Liu et al., 2015), as shown in the Figure 5. 

 

𝑃𝑖𝐾 =
𝜕𝐴

𝜕𝐹𝑖𝐾
= �̿�                               (17) 

 

5.2.2. Solvent diffusion constraints  
 

The small molecules inside the hydrogel system undergo many 

positional changes. Still, it is necessary to specify the solvent 

molecules' incompressibility and the polymeric chains due to the 

negligible void space in condensed matter. Consequently, equation 

(5) shows the approximation for the total volume, and it can rewrite 

in terms of swelling radio 𝐽  as seen in equation (18) (Hong et al., 

2008). 

 

𝐽 = det �̿� =
𝑉

𝑉0
= 1 + Ω1(𝑐1 − 𝑐10

)                 (18) 

 

The condition of molecular incompressibility is taken into account 

inside the equilibrium balance by adding Lagrange multiplier Π , a 

nonhomogeneous field. As a result, the nominal stress and chemical 

potential are functions of this multiplier, as seen in equations (19) 

and (20). The HiK is the transpose of the inverse of the deformation 

gradient (𝐻𝑖𝐾 = �̿�−𝑇)  with the properties 𝐻𝑖𝐾 𝐹𝑖𝐿 = 𝛿𝐾𝐿 and 

𝐻𝑖𝐾𝐹𝑗𝐾 = 𝛿𝑖𝑗 (Hong et al., 2010). 

 

𝜇1 = (
𝜕𝐴

𝜕𝐶1
)

𝑇,𝑉,𝑛𝑗≠1

+ ΠΩ                        (19) 

 

𝑃𝑖𝐾 = (
𝜕𝐴

𝜕𝐹𝑖𝐾
) − Π𝐻𝑖𝐾𝐽                              (20) 

 

A possible physical interpretation of field Π  is the approximation 

to osmotic pressure Π ≈ π . One way to understand this 

approximation is to make the analogy with a pure solvent 

permeation through a polymeric membrane since a solution. In this 

case, the solvent diffuses doing that the solution pressure arrives at 

the osmotic value. The osmotic pressure is physically imposition 

solvable as part of initial and boundary value problems (Hong et al., 

2008; Cai and Suo, 2012; Li et al., 2012). 

 

5.2.3. The infinitesimal and finite deformation relation 
 

A direct relation between the infinitesimal deformation and finite 

deformation theories is the connection between the mechanical load 

and the nominal stress tensor, as seen in equation (21). The first part 

of the expression represents the elastic stress exercised by stretching 

the polymeric network, and the second part can be approximate to 

the osmotic pressure as said above.  In the equilibrium, the elastic 

stress must be equal to the osmotic pressure, or in the same way, it 

is not applying a mechanical load (𝜎𝑖𝑗 = 0) (Hong et al., 2008; 

Hong et al., 2010). 

 

𝜎𝑖𝑗 =
𝜕𝐴

𝜕𝐹𝑖𝐾

𝐹𝑗𝐾

det 𝑭
− Π𝛿𝑖𝑗 ≅

𝑃𝑖𝐾𝐹𝑗𝐾

𝐽
− π𝛿𝑖𝑗                (21) 

 

5.2.4. Finite deformation inequality 
 

It proposes a similar setup, as shown in Figure 3. The PHGS, the 

external force represented by hanging weights, and surroundings 

constituting the composite close thermodynamic system. We 

consider a dry polymer network and surroundings constituted by a 

pure liquid solvent in equilibrium with his vapor in the reference 

state. The value of solvent chemical potential has been set at zero, 

the thermodynamics state is independent of translation and rotation 

rigid-body, and the complete process considering isothermal (Hong 

et al., 2008). The composite exchange energy with the rest of the 

universe by heat, but not by work nor mass flux. The system's total 

energy is the sum of the PHGS energy, the hanging weights' 

potential energy, and the energy of the surrounding. 

If applied on an isothermal composite system, the first and second 

law of thermodynamics, the two expressions are combined, and 

collapse in a single dissipation imbalance that expresses the 

Helmholtz energy decreases (Anand and Govindjee, 2020). Here, 

the Helmholtz free energy change of the hydrogel volume in a 

current state concerning the reference state is 𝛿𝐴. The current state 

is associate with a slight change in the deformation gradient 𝛿𝐹𝑖𝐾 

due to applied force in the direction 𝑖 on the face whose normal 

vector is in the direction 𝐾.  Thus, the potential energy changes 

associated with the hanging weights are the product of the nominal 

stress and the tiny change in the deformation gradient −𝑃𝑖𝐾𝛿𝐹𝑖𝐾. 

The molecules flux from the surroundings to the inside or vice versa 

of the hydrogel is −𝜇𝛿𝐶, as represented in Figure 5 (Hu and Suo, 

2012). 

 

𝛿𝐴 − 𝑃𝑖𝐾𝛿𝐹𝑖𝐾  − 𝜇𝛿𝐶 ≤ 0                  (22) 

 

In the imbalance, the equality is related to reversible changes 

undergoing by the composite near to equilibrium state, and the 

inequality is associated with irreversible changes suffering by 

composite out of equilibrium. As commonly in thermodynamics, 

the inequality expresses the time direction but not the processing 

time extends (Noll et al., 1974). 

 

5.2.5. The Helmholtz free energy of the system 
 

According to the Flory-Rehner theory (Flory and Rehner, 1943), for 

most types of crosslinking hydrogels, it is valid to assume that the 
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total Helmholtz free energy of system 𝐴 can be approximate by the 

sum of the Helmholtz free energy of elastic network stretch 𝐴𝑒𝑙 plus 

the Helmholtz free energy of mixing 𝐴𝑚𝑖𝑥. The 𝐴𝑒𝑙 is associated 

with the crosslinking density, and it is a function of deformation 

gradient 𝐴𝑒𝑙 = 𝐴𝑒𝑙(�̿�).  The 𝐴𝑚𝑖𝑥 is related to the interactions 

between the polymer network and the solvent molecules, and it is a 

function of solvent concentration 𝐴𝑚𝑖𝑥 = 𝐴𝑚𝑖𝑥(𝐶1) (Cai and Suo, 

2012). However, it is necessary to be careful using this 

approximation when the polymer used contains a folded domain that 

cannot unfold after suffering stress. The solvent interactions with 

the unfolded domains are very different that folded domains (Dušek 

et al., 2003). 

 

𝐴 = 𝐴𝑒𝑙(�̿�) + 𝐴𝑚𝑖𝑥(𝑐) + ∑ 𝐴𝑟
𝑟≠1              (23) 

 

The Helmholtz free energy of elastic stretch can be associated with 

Gaussian statistical theories or non-Gaussian approaches (Arruda 

and Boyce, 1993). The most usual rubber hyperelasticity model is 

the Flory description, based on Gaussian statistical as seen in the 

equation (24) (Liu et al., 2015). Here the 𝑁  is the number of 

effective chains in the network, 𝑘 is the Boltzmann constant, and 𝑇  

the temperature. The product of 𝑁𝑘𝑇 can be approximate to the 

elastic modulus of the network 𝐺  (Huggins, 1941). The scheme 

shown in Figure 4 can adapt the model to introduce the two-elastic 

modulus 𝐺1 and 𝐺2  shown in equation (25). The subscript 𝐷 is 

equivalent to the referent state in the dry polymer chains (Caccavo 

and Lamberti, 2017). 

An explicit molecular model for the Helmholtz free energy mixing 

of crosslinking polymer plus solvent does not exist yet. 

Nevertheless, it is usually assumed that the Helmholtz free energy 

of mixing in the PHGS has similar functionality to linear polymer 

plus solvent, namely polymer solution. The Flory-Huggins theory 

can describe ideal elastomeric gel's behavior, which can 

approximate the Helmholtz free energy of mixing contributions for 

solvent-polymer interactions. Here 𝑅  is the ideal gas constant and 

𝑐1𝐷
 is the water concentration concerning the dry state. The Flory 

interaction parameter for the isothermal system takes constant 

values between 0 < 𝜒12 < 1.2. For temperature-sensitive 

hydrogels, 𝜒12 is a function of temperature and polymer 

concentration (Huggins, 1941) (see Table 4). Thus 

 

𝐴𝑒𝑙(�̿�) =
1

2
 𝑁𝑘𝑇[tr(�̿�𝑇�̿�) − 3 − 2 ln(det �̿�)]             (24) 

 

𝐴𝐷
𝑒𝑙(�̿�) =

𝐺1

2
[�̿�𝐷: �̿�𝐷 − 3 − 2 ln(det �̿�𝐷)] +

𝐺2

2
[�̿�𝐷(�̿�𝑣𝑖𝑠𝑐)

−1
: �̿�𝐷(�̿�𝑣𝑖𝑠𝑐)

−1
− 3 − 2 ln (det (�̿�𝐷(�̿�𝑣𝑖𝑠𝑐)

−1
))]         (25) 

 

𝐴𝐷
𝑚𝑖𝑥(𝑐1) = 𝑅𝑇 [𝑐1𝐷

ln (
Ω1𝑐1𝐷

1+Ω1𝑐1𝐷
) +

𝑐1𝐷𝜒12

1+Ω1𝑐1𝐷
]              (26) 

  

Table 4. The Helmholtz free energy contribution 𝐴𝑟  associate to specific polymeric types of hydrogels (Liu et al., 2015).     

 

PHGS type associated Model related to specific 𝐴𝑟    Extra-terms involved / References 

Polyelectrolytic 
PHGS 𝐴𝑖𝑜𝑛 = 𝑘𝑇 ∑ 𝑐𝑟 [ln (

𝑐𝑟

Ω1𝑐1𝑐𝑟0

) − 1]

𝑟≠1

 
𝑐𝑟 concentration of the r ions (Ricka and Tanaka, 
1984; Brannon-Peppas and Peppas, 1991; Hong, et 
all., 2010; Marcombe, et all., 2010; Yan, et all., 2014)  

Unequal distribution of the 
charge  

𝐴𝑝𝑜𝑙 =
1

2𝜖

𝐹𝑖𝐾𝐹𝑖𝐿

det �̿�
�̃�𝐾�̃�𝐿 

𝜖 permittivity of the hydrogel. 

�̃�𝑖  nominal electrical displacement 

(Hong, et all., 2010; Yan, et all., 2014) 

Dissociation of groups that 
have weak acid residues 
𝐴𝐻 

𝐴𝐻 ↔ 𝐴− + 𝐻+ 

𝐴𝑑𝑖𝑠 = 𝑘𝑇 [𝑐𝐴− ln (
𝑐𝐴−

𝑐𝐴− + 𝑐𝐴𝐻
) + 𝑐𝐴𝐻 ln (

𝑐𝐴𝐻

𝑐𝐴− + 𝑐𝐴𝐻
)] + Δ𝐻𝑑𝑖𝑠𝑐𝐴−  

Δ𝐻𝑑𝑖𝑠 enthalpy change due to acid dissociates. 

(Ricka and Tanaka, 1984; Marcombe, et all., 2010)  

Photo-thermal hydrogel 
contained nanoparticles  

𝑋 + ℏ𝑓 → 𝑌,   𝑌 → 𝑋 + ℎ𝑒𝑎𝑡    
 

𝐴𝑝ℎ𝑜 = 𝑁𝑃 [ℏ𝑓 + 𝑘𝑇 ln (
𝑁𝑃

𝑁𝑔,0)] 

𝑓 light frequency. 

ℏ Planck’s constant. 

𝑁𝑃 number of photo-chemical reactions. 

𝑁𝑔,0 affinity associates with a single photo-chemical 

reaction. (Parson, 1978) 

PHGS ingrained with 
sensible particles that have 
linear magnetic properties 

𝐴𝑚𝑎𝑔 =
1

2𝜇𝐵 𝐁 ∙ 𝐁 
𝜇𝐵 magnetic permeability. 

𝐁 magnetic induction. 

(Han, et all., 2011) 
PHGS that experience a 
phase transition  

𝐴𝑝ℎ𝑎𝑠𝑒 =
1

Ω1
[
1

2
𝐴1(𝑇 − 𝑇∗)𝜂2 +

1

4
𝐴2𝜂4 +

1

6
𝐴3𝜂6] 

𝐴1, 𝐴2 and 𝐴3, constant coefficients. 

𝑇∗ transition temperature. 

𝜂 nematic order parameter. 
(Drozdov, 2014; Drozdov, 2015) 
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5.2.6. The indetermination from the dry state  
 

The presence of an indetermination in the Helmholtz free energy of 

mixing (𝐴𝐷
𝑚𝑖𝑥 = −∞) when the reference state is the dry polymer 

(𝑐1𝐷
= 0) can be overcome if another reference state 0 is adopted. 

So, it is necessary to change of reference frame and use the 

definition of volumetric deformation for the new initial state 

(𝐽0 = det �̿�0).  �̿�0 is the deformation gradient for the new reference 

state, and 𝑐1is the current solvent concentration.  

 

The equation (27) expresses the sum of the 𝐴𝑒𝑙and 𝐴𝑚𝑖𝑥 concerning 

the new reference state (Caccavo and Lamberti, 2017). 

 

(�̿�, 𝑐1, �̿�𝑣𝑖𝑠𝑐) =
1

𝐽0
{

𝐺1

2
[�̿�0�̿�: �̿�0�̿� − 3 − 2 ln(det �̿�0�̿�)] +

𝐺2

2
[�̿�0�̿�(�̿�𝑣𝑖𝑠𝑐)

−1
: �̿�0�̿�(�̿�𝑣𝑖𝑠𝑐)

−1
− 3 −

2 ln (det (�̿�0�̿�(�̿�𝑣𝑖𝑠𝑐)
−1

))] + 𝑅𝑇 [𝐽0𝑐1 ln (
𝐽0Ω1𝑐1

1+𝐽0Ω1𝑐1
) +

𝐽0𝑐1𝜒12

1+𝐽0Ω1𝑐1
]}              (27) 

 

5.2.7. The constitutive equations 
 

The inequality (22) can be generalized in its tensor form, with the 

time like an explicit independent variable, as shown in equation (28) 

(Holzapfel, 2002; Gurtin et al., 2010). The Helmholtz free energy 

change is affected by the conventional power expended on the 

structure (�̿�: (�̿�)̇ ) and to the energy transported into the hydrogel 

by the solvent diffusion (-μ1ċ1 + h̅1 ∙ ∇̅μ1). The deformation 

gradient and solvent concentration variation concerning to the time 

is represented as (�̿�)̇ =
𝜕𝐹

𝜕𝑡
 and �̇�1 =

𝜕𝑐1

𝜕𝑡
. 

 
𝜕𝐴

𝜕𝑡
− �̿�: (�̿�)̇ − 𝜇1�̇�1 + ℎ̅1 ∙ ∇̅𝜇1 ≤ 0        (28) 

 

It requires the continuity equation, or the mass balance for the 

solvent, that relates the derivate of the solvent concentration 

concerning time with the gradient of the solvent molar flux ℎ̅1, 

 
𝜕𝑐1

𝜕𝑡
= −∇̅ ∙ ℎ̅̅ ̅

1               (29) 

 

Also, linear momentum balance is necessary, which has been 

written using the quasistatic approach because it considers that the 

diffusional process's time scale is much longer than the one 

associated with inertia, so that the inertia terms can be disregarded. 

 

∇̅ ∙ �̿� = 0̅            (30) 

 

Additionally, it is necessary to consider the swelling radio related to 

the solvent diffusion constraints shown in equation (18) (Caccavo 

and Lamberti, 2017). It is recommended the use the relaxed 

Helmholtz free energy version because it includes the constraints of 

solvent diffusion and is a function of osmotic pressure as another 

variable. 

 

𝐴𝑅(�̿�, 𝑐1, �̿�𝑣𝑖𝑠𝑐 , 𝜋) = 𝐴(�̿�, 𝑐1, �̿�𝑣𝑖𝑠𝑐) − 𝜋{𝐽 − [1 + 𝛺1(𝑐1 − 𝑐10
)]}          

(31) 

 Now, if the relaxed Helmholtz free energy is differentiated 

concerning the time, two-aspect are recognized: (i) the satisfaction 

of the definitions for the nominal stress tensor, equation (19), and 

the chemical potential, equation (20), which include the solvent 

diffusion constraints. Thus, we can say that these equations are 

constitutive for �̿� and 𝜇1, and conform the equality conditions into 

the imbalance; (ii) this differentiation process demonstrates that 

(
𝜕𝐴𝑅

𝜕𝐹
=

𝜕𝐴

𝜕𝐹
). Therefore, it required two additional constitutive 

equations to satisfice the imbalance in any situation, punctually the 

inequality. These expressions indicate the kinetic laws for the 

solvent flux and the dashpot deformation, as it is shown in the 

equation (32) and (33). The kinetics equations have to be the form 

as presents in equations (34) and (35).  

 

ℎ̅1 ∙ ∇̅𝜇1 ≤ 0                    (32) 

 

𝜕𝐴𝑅

𝜕𝐹𝑣𝑖𝑠𝑐

𝜕𝐹𝑣𝑖𝑠𝑐

𝜕𝑡
≤ 0               (33) 

 

ℎ̅1 = −�̿�1∇̅𝜇1                  (34) 

 

𝜕𝐹𝑣𝑖𝑠𝑐

𝜕𝑡
= −

1

𝜂

𝜕𝐴𝑅

𝜕𝐹𝑣𝑖𝑠𝑐 = −
1

𝜂

𝜕𝐴

𝜕𝐹𝑣𝑖𝑠𝑐                  (35) 

 

The 𝜂  is the dashpot’s dynamic viscosity and represents the viscous 

dissipation associated with the 𝐺2 and the relaxation time 

(𝜏𝑅 = 𝜂 𝐺⁄
2
) (Holzapfel, 2002). The �̿�1 is the mobility tensor, 

described by the equation (36), that is a function of diffusivity of the 

solvent into the hydrogel structure 𝐷1𝑠. 

 

�̿�1 = 𝐽
𝐷1𝑠

Ω1𝑅𝑇
 �̿�−𝑇�̿�−1          (36) 

 

6. Poroviscoelasticity approach with a single solvent 

diffusion 
 

The scheme showing in Figures 6a and 6b represent the linear 

poroviscoelasticity from a Biot theory (Biot, 1956) and the 

theory of the nonlinear field for hydrogels (Hu and Suo, 2012;  
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Figure 6. Rheological representation for the deviatoric and volumetric components 

of poroviscoelastic gel, in the poroviscoelastic approach: (a) deviatoric component; 

(b) volumetric component (adapted from Wang et al., 2014). 
 

Wang and Hong, 2012). The linear theory assumes the 

system's strain like a function displacement field time-

dependent  𝑢𝑖 = 𝑢𝑖(𝑥1, 𝑥2, 𝑥3 , 𝑡), how it is shown in the 

equation (37).  

 

𝜖𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
)                (37) 

 

The components of the strain tensor  𝜖𝑖𝑗 are the volumetric dilatation 

𝜖𝑘𝑘  and its deviatoric component 𝑒𝑖𝑗, as seen in equations (38) and 

(39). The components of the strain tensor 𝜎𝑖𝑗 are the hydrostatic 𝜎 

and its deviatoric 𝑠𝑖𝑗, as seen in equations (40) and (41).  

 

𝜖 = 𝜖𝑘𝑘                        (38) 

 

𝑒𝑖𝑗 = 𝜖𝑖𝑗 −
1

3
𝜖𝛿𝑖𝑗         (39) 

𝜎 =
1

3
𝜎𝑘𝑘                      (40) 

 

𝑠𝑖𝑗 = 𝜎𝑖𝑗 −  𝜎𝛿𝑖𝑗           (41) 

 

This approach uses the same definitions for the continuity eq. (29), 

the chemical potential eq. (7), and the solvent diffusion constraints 

for the component 𝜖𝑘𝑘   shown in the eq. (18). The current Helmholtz 

free energy is a function of the strain tensor, the deviatoric 

component, the solvent concentration, and the internal variables that 

characterized the viscoelastic properties of the system (𝜖𝑣,𝑛 , 𝑒𝑖𝑗
𝑣,𝑛), 

as seen in equation (42). The change Helmholtz free energy 

concerning internal variables have the forms shown in equations 

(43) and (44). Figure (6a) represents the viscosity of the n-th 

volumetric viscous i-component. Figure (6b) represents the 𝜂𝐺
𝑛 as 

the viscosity of n-th deviatoric viscous i-component. 

 

𝐴 = 𝐴(𝜖, 𝑒𝑖𝑗 , 𝐶, 𝜖𝑣,1, … , 𝜖𝑣,𝑛 , 𝑒𝑖𝑗
𝑣,1, … , 𝑒𝑖𝑗

𝑣,𝑛)        (42) 

 

𝜖̇𝑣,𝑛 = −
1

𝜂𝐾
𝑛

𝜕𝐴

𝜕𝜖𝑣,𝑛          (43) 

 

�̇�𝑖𝑗
𝑣,𝑛 = −

1

2𝜂𝐺
𝑛

𝜕𝐴

𝜕𝑒𝑖𝑗
𝑣,𝑛        (44) 

The change of the Helmholtz free energy concerning the strain 

tensors is shown in equation (45), and its change concerning the 

deviatory component is shown in equation (46).  

 

𝜎 =
𝜕𝐴

𝜕𝜖
            (45) 

 

𝑠𝑖𝑗 =
𝜕𝐴

𝜕𝑒𝑖𝑗
       (46) 

 

The Helmholtz free energy function for poroviscoelastic gel has 

been proposed according to the scheme shown in Figures 6a and 6b. 

Here, the 𝐺𝑅 is the relaxed shear modulus, the 𝐺𝑛 is the shear 

modulus of the n-th shear component, the 𝐾𝑅 is the relaxed bulk 

modulus, and the 𝐾𝑛 is the bulk modulus of the n-th bulk 

component. 

 

𝐴 = 𝐺𝑅𝑒𝑖𝑗
2 +

1

2
𝐾𝑅𝜖2 + ∑ 𝐺𝑛𝑛 (𝑒𝑖𝑗 − 𝑒𝑖𝑗

𝑣,𝑛)
2

+
1

2
∑ 𝐾𝑛𝑛 (𝜖 −

𝜖𝑣,𝑛)2 + 𝜋[Ω1(𝑐1 − 𝑐10
) − 𝜖]            (47) 

 

It considers the above thermodynamical framework, the linear 

poroviscoelasticity considerations, and the kinetic expressions. In 

that case, it is possible to express the stress tensor in terms of the 

Prony series, which is a function of the PHGS mechanical 

properties, the time, and the characteristic time 𝜏𝑛 (Wang et al., 

2014). 
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σij = 2GU {1 − ∑ gn [1 − exp (−
t

τn
)]n } (ϵij +

ν

1−2ν
ϵkkδij) −

μ−μ0

Ω
δij               (48) 

 

The 𝐺𝑈 is the unrelaxed shear modulus, as seen in equation (49).  

The 𝐾𝑈 is the unrelaxed bulk modulus, as seen in equation (50). 

Moreover, the n-th viscous component's characteristic time 𝜏𝑛, as 

seen in equation (51). The n-th term of the Prony series 𝑔𝑛 is a 

relation between the unrelaxed shear modulus and the shear 

modulus of the n-th shear component, as seen in equation (52). The 

𝜈 is the effective Poisson's ratio of the PHGS (Hu and Suo, 2012).   

 

𝐺𝑈 = 𝐺𝑅 + ∑ 𝐺𝑛𝑛        (49) 

 

𝐾𝑈 = 𝐾𝑅 + ∑ 𝐾𝑛𝑛       (50) 

 

𝜏𝑛 = 𝜏𝐺
𝑛 = 𝜏𝐾

𝑛             (51) 

 

𝑔𝑛 =
𝐺𝑛

𝐺𝑈
           (52) 

 

Darcy's law describes the flux of the solvent (Yoon et al., 2010). A 

modified continuity equation is the outcome of using this flux 

description and the model described in equation (48), as seen in 

equation (53). The 𝐷𝑒 is the effective diffusivity which is a function 

of the dynamic viscosity of PHGS and the experimental 

permeability of the structure 𝜅 (Hui et al., 2006), as seen in equation 

(54).  

 
𝜕𝑐1

𝜕𝑡
= 𝐷𝑒∇̅2ℎ̅1        (53) 

 

𝐷𝑒 = 𝐺𝑈 {1 − ∑ 𝑔𝑛 [1 − exp (−
𝑡

𝜏𝑛
)]𝑛 }

2(1−𝑣)𝜅

(1−2𝑣)𝜂
            (54) 

 

7. Multicomponent mass transfer 
 

So far, the developed approaches and the constitutive equations 

have considered the single solvent diffusion through the PHGS 

structure. However, other solute species' presence affects the 

swelling process, and it is relevant when it is interest species like a 

drug-delivering or advance separation process. Thus, the real 

chemical potential must consider the simultaneity of the mechanical 

effects and the multicomponent interaction in the diffusive and 

swelling process (Caccavo et al., 2020). The "fully coupled models" 

describe complete hydrogel systems changes as a function of time 

and space, linked the multicomponent mass transfer process with 

the mechanic effects and vice-versa (Caccavo, 2019). 

 

7.1. Mass transfer regimen 
 

The mass transport regimen in hydrogel systems characterizes the 

mechanism and structure influence that governs the solvent and 

solute species absorption/desorption. The know regimens are the 

Fickian regimen driven by a gradient concentration and the non-

Fickian regimen, which is a deviation of the first regimen due to 

polymer network movements. The diffusion Deborah number 𝑁𝐷𝑒.𝐷 

is one way to establish the regimen that government the phenomena, 

where 𝜏  is the characteristic stress-relaxation time of the polymer-

solvent system and is 𝜏𝐷 the characteristic time for the solvent 

diffusion in the polymer network. The determination of the stress – 

relaxation time is making by the calculus of the shear relaxation 

modulus integrals 𝐺(𝑡) through the entire relaxation time finite 

range 𝑡 . The solvent diffusion time calculation does by the ratio of 

the second power of the characteristic diffusion path length for the 

solvent 𝐿𝐶ℎ
2  and the solvent's diffusion in the swollen polymer 

network 𝐷1.𝑠 (Vrentas et al., 1975; Vrentas and Duda, 1977; 

Caccavo, 2019). 

 

𝑁𝐷𝑒.𝐷 =
𝜏

𝜏𝐷
=

(
∫ 𝑠𝐺(𝑠)𝑑𝑠

∞

0

∫ 𝐺(𝑠)𝑑𝑠
∞

0

)

𝐿𝐶ℎ
2

𝐷1.𝑠

              (55) 

 
The change in the solvent concentration during the swelling process 

dictates the way to calculate the Deborah number. Suppose the 

solvent experiences a limited concentration change. In that case, the 

estimate of 𝑁𝐷𝑒.𝐷 is done by the average values for each 

characteristic time used, and a unique value describes the complete 

process. Now, suppose the change in the solvent concentration is 

drastic. In that case, the calculation of 𝑁𝐷𝑒.𝐷  is done at the initial and 

the final stage of the process, and their order of magnitude will 

characterize the system's behavior. The Deborah’s number 

magnitude and its phenomenological implications as show in the 

Table 5. 

 

7.2. Finite deformation with a multicomponent mass 
diffusion 
 

7.2.1. Constitutive couple models  
 

The definition of osmotic pressure needs to be modified to describe 

a complete system that arises by interacting with the solvent, the 

polymer, and the other solute species. Here, the 𝜋  is a function of 

the absolute temperature 𝑇 , the constant gas 𝑅 , the i-th species 

concentration within the PHGS 𝑐𝑖, and the i-th species concentration 

in the external medium or bulk 𝑐𝑖
𝑒𝑥𝑡. The subscript is 1 to solvent, 2 

to polymer, and 𝑖 = 3 … 𝑁 for the other solute species. 

 

𝜋 = 𝑅𝑇 ∑(𝑐𝑖 − 𝑐𝑖
𝑒𝑥𝑡)

𝑁

𝑖=1
𝑖≠2

          (56) 

 

The moment balance remains the same as seen in equation (30). 
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Table 5. The Deborah’s number magnitude and its phenomenological implications (Davidson and Peppas, 1986). 

 

Deborah’s number 
magnitude 

Time 
relations 

Indications and remarks Description of diffusion phenomena and its 
coefficient 

𝑵𝑫𝒆.𝑫 ≫ 1 𝜏 ≫ 𝜏𝐷 The large values of Deborah's number specify that the characteristic 
relaxation time is much larger than the characteristic time for solvent diffusion. 
The network structure does not change in the diffusion process, and the 
polymer remains in a glassy state 

The diffusion phenomena are describing by a 
conventional Fick law. The diffusion coefficients 
are constants and independents of solvent and 
polymer concentration. 

𝑵𝑫𝒆.𝑫 ≪ 1 𝜏 ≪ 𝜏𝐷 The small values of Deborah's number show that the characteristic relaxation 
time is much faster than the characteristic time for solvent diffusion. The 
phenomena are considered a diffusion through a vicious media conformed by 
a swollen and rubbery hydrogel. 

The diffusion phenomena are describing by a 
conventional Fick law. In this case, the diffusion 
coefficients are a stronger function of solvent 
and polymer concentration. 

𝑵𝑫𝒆.𝑫~1 𝜏~𝜏𝐷 The intermediated values of Deborah's number denote that the characteristic 
relaxation time and the characteristic time for solvent diffusion are of the 
same order of magnitude, and both phenomena take place on the same time 
scale. The phenomena are considered a diffusion in a transition region where 
the polymer experiences its glass-rubber change. The mixture has a 
viscoelastic nature. 

The diffusion phenomena are describing by a 
non-Fickian model, and the diffusion is 
anomalous transport. 

The continuity equation writes in general terms concerning to 

Lagrange reference frame for the species i-th concentration and the 

molar diffusive flux 𝐉𝑖
∗. This equation is truthy for any diffusive 

system without any simplification (Caccavo, 2019). 

 
𝜕𝑐𝑖

𝜕𝑡
= −∇̅ ∙ 𝐉𝑖

∗           ∀𝑖 ≠ 2           (57) 

 

The swelling radio related to the volume constraints, Equation (18), 

needs to be modified to include the other solute species as seen in 

equation (58). Here, 𝐽 is the Jacobian of the deformation gradient �̿� 

or the volumetric constraint, the Ω𝑖 is the i-th species' molecule 

volume, and 𝑐𝑖0
 is the initial concentration of the i-th species. The 

summation inside the equation does not consider the polymer 

species (𝑖 = 2) because the solute and the solutes are the only 

diffusive species. 

 

𝐽 = 1 + ∑ Ω𝑖(𝑐𝑖 − 𝑐𝑖0
)

𝑁

𝑖=1
𝑖≠2

                 (58) 

 

The inequality equation in its tensor form derives from 

nonequilibrium thermodynamics, Equation (28), requirements to be 

modified to include the other solute species as seen in equation (59). 

The relaxed version of the Helmholtz free energy uses to impose the 

above volumetric constraint, as seen in equation (60). Again, the 

Helmholtz free energy 𝐴 is calculated using the sum of elastic 

contribution, the mixing and others possible contributions regarding 

to the equation (23) and agree to the Table 4. 

𝜕𝐴𝑅

𝜕𝑡
− �̿�: (�̿�)̇ − ∑(𝜇𝑖𝑐�̇� + ℎ̅𝑖 ∙ ∇̅𝜇𝑖)

𝑁

𝑖=1
𝑖≠2

≤ 0         (59) 

 

𝐴𝑅 = 𝐴 − 𝜋 (𝐽 − 1 − ∑ Ω𝑖(𝑐𝑖 − 𝑐𝑖0)

𝑁

𝑖=1
𝑖≠2

)               (60) 

 

The function of Helmholtz free energy as 𝐴 = 𝐴(�̿�, �̿�𝑣𝑖𝑠𝑐 , 𝑐1) must 

consider the energy contribution of other solute species, how it 

presents in equation (61). In this expression, the standard linear solid 

model describes the viscoelastic term again. The mixing 

contribution considers the enthalpy contribution by the interaction 

between the solvent and the polymer, and the other solute species 

have only an entropy energetic input. 

To avoid indetermination to the dry polymer state (𝑐1𝐷
= 0), the 

tensor deformation �̿�0 and its Jacobian 𝐽0 are measures in 

concerning a different state, similar to equation (27). The 𝜑𝑖 is the 

volumetric fraction of the (𝑖 = 1 … 𝑁 ) component that considers the 

additive volume simplification (Eq. (4)).  

 

𝐴(�̿�, �̿�𝑣𝑖𝑠𝑐 , 𝑐1) =
1

𝐽0
{

𝐺1

2
[�̿�0�̿�: �̿�0�̿� − 3 − 2 ln(𝐽0 𝐽)] +

𝐺2

2
[�̿�0�̿�(�̿�𝑣𝑖𝑠𝑐)

−1
: �̿�0�̿�(�̿�𝑣𝑖𝑠𝑐)

−1
− 3 − 2 ln (𝐽0 𝐽 det(�̿�𝑣𝑖𝑠𝑐)

−1
)]

+ 𝑅𝑇 [𝐽0𝑐1 ln(𝜑1) + ∑ 𝐽0𝑐𝑖 ln(𝜑𝑖)

𝑁

𝑖=1
𝑖≠2

+ 𝐽0𝑐1𝜒12𝜑2]}               (61) 
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According to the rheological model shown in Figure 4, the  𝐺1 is the 

shear modulus parameter of the relaxed system associate with the 

elastic response, and the 𝐺2 is the shear modulus parameter due to 

the viscoelastic response described with a Maxwell element, a 

function of viscous deformation tensor �̿�𝑣𝑖𝑠𝑐. Again, the 𝜂 is the 

viscosity of the dashpot (𝜏𝑅 = 𝜂 𝐺⁄
2
). 

Using the adequate expression for the Helmholtz free energy and its 

derivation concerning the time, the imbalance equation (59) must 

satisfice the Helmholtz free energy change for the tensor 

deformation, Equation (20). Further, it needs to be satisfied the 

Helmholtz free energy change concerning the concentration of i-th 

species, as seen in equation (62).  

 

𝜇𝑖 = (
𝜕𝐴

𝜕𝐶𝑖
)

𝑇,𝑉,𝑛𝑗≠𝑖

+ 𝜋Ω𝑖             (62) 

 

The Helmholtz free energy imbalance, equation (59), gives 

conditions on the kinetic of the molar flux to all diffusional species 

(𝑖 ≠ 2)  and the viscous relaxation of the structure, represented with 

the inequality (63) and (64) (Caccavo et al., 2018). 

 

ℎ̅𝑖 ∙ ∇̅𝜇𝑖 ≤ 0           (63) 

 

𝜕𝐴𝑅

𝜕�̿�𝑣𝑖𝑠𝑐

𝜕�̿�𝑣𝑖𝑠𝑐

𝜕𝑡
≤ 0          (64) 

 
Complete satisfaction of the imbalance, equation (59), needs a 

kinetic law for a viscous behavior. Thus, the dashpot deformation 

model, a constitutive equation, remains the same, as shown in 

equation (35). 

 

7.3. Molar flux models  
 

7.3.1. Fickian diffusion  
 

A kinetic law model for a molar flux is obtained from the imbalance 

(Eq. (59)). The model describes the flux due to concentration 

gradient disregarding any presence of relevant body forces, such as 

electrostatic field (Caccavo, 2019; Caccavo et al., 2020).  

 

ℎ̅𝑖 = −�̿�𝑖∇̅𝜇𝑖           ∀𝑖 ≠ 2          (65) 

 

7.3.2. Non-Fickian diffusion  
 

An approximation from stress-assisted diffusion theory considers 

that the molar flux is a sum of a concentration and stress driving 

force (Aifantis, 1980;  Siepmann and Siepmann, 2012; Ferreira et 

al., 2018). 

ℎ̅𝑖 = −𝐷𝑖𝑠∇̅𝑐𝑖 + �̿�𝑖∇̅ ( tr(P̿))         ∀𝑖 ≠ 2          (66) 

7.3.3. Mobility tensor 
 

The �̿�𝑖 is the positively defined mobility term that is a tensor for 

isotropic materials. It related the species' movement into the 

structure and affected the swelling velocity, which can relate to the 

diffusivity or permeability. A common assumption considers that 

the diffusivity always remains isotropic during any process, and it 

is a function of constant binary diffusivity of the solute 𝑖 into PHGS 

structure 𝐷𝑖𝑠 and solvent concentration 𝑐1(Chester and Anand, 2010; 

Lucantonio et al., 2013). 
 

�̿�𝑖 = 𝐷𝑖𝑠  
𝑐1

𝑅𝑇
 �̿�−𝑇�̿�−1         ∀𝑖 ≠ 2          (67) 

 

7.3.4. Maxwell-Stefan multicomponent approach 
 

The Maxwell-Stefan formulation (MS) advantages over the Fick 

formulation have been recognized, mainly when the situation 

implies more than two components.  These impossibilities reflect in 

the non-symmetrical diffusive coefficients (𝐷𝑖𝑗 ≠ 𝐷𝑗𝑖), its strong 

concentration reliance, and numerical values depend on the 

particular choice of system numbering. As a result, the binary 

system's data have very restricted applicability for predicting molar 

fluxes in multicomponent systems (Taylor and Krishna, 1993; 

Krishna and Wesselingh, 1997; Ribeiro et al., 2011).  

Usually, the MS equations are written in terms of mass fraction, 

which is a problem if one of the components is a polymer because 

its molecular weight is unknown or has a complex distribution 

(Sanchez and Lacombe, 1978; Kiszka et al., 1988; Barbari and 

Conforti, 1992). The MS equations write in terms of volume fraction 

to overcome this situation and helps to use the Flory-Huggins model 

simultaneously. This expression is simultaneously consistent with 

the Gibbs – Duhem restriction and Onsager reciprocity relations 

(Ribeiro et al., 2011).  

 

𝜑𝑖

�̅�𝑖𝑅𝑇
∇𝜇𝑖 = − ∑ (

ℎ̅𝑖𝜑𝑗

𝔇𝑖𝑗
−

𝜑𝑖ℎ̅𝑗�̅�𝑗

𝔇𝑖𝑗�̅�𝑖

)

𝑚

𝑗=1

               (68) 

 

The chemical potential measure is done at constant temperature and 

pressure (∇𝜇𝑖 = ∇𝑇,𝑃𝜇𝑖). To use the general continuity equation 

(57) requires a relation between the molar diffusive flux and the 

molar flux relative to stationary coordinates, where 𝑥𝑖 is the molar 

fraction, as seen in equation (69). The �̅�𝑖 is the partial molar volume, 

as shown in equation (70). The Dij is the modified MS diffusion 

coefficient, where Ð𝑖𝑗 is the MS diffusion as seen in equation (71) 

(Taylor and Krishna, 1993; Ribeiro et al., 2011). 

 

ℎ̅𝑖 = 𝐉𝑖
∗ + 𝑥𝑖 ∑ ℎ̅𝑖

𝑚

𝑖=1

         (69) 
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V̅i = (
∂V

∂ni
)

T,V,nj≠i

         (70) 

 

𝔇𝑖𝑗 =
Ð𝑖𝑗�̅�𝑗

∑ 𝑥𝑘�̅�𝑘
𝑚
𝑘=1

        (71) 

 

The MS diffusivities Ð𝑖𝑗  calculation is possible in polymeric 

multicomponent mixtures from the Fick diffusivities (Liu et al., 

2011; Kubaczka, 2014). Some hydrogel system practical 

applications used this approach (Fornasiero et al., 2005; Fornasiero 

et al., 2006; Fornasiero et al., 2008). 

 

7.4. Fick diffusivity coefficients for the PHGSs 
 

The hydrodynamic theory predicts the solute diffusivity (𝑖 = 3 … 𝑁) 

in a pure liquid solvent  𝐷𝑖1  through the Stokes-Einstein equation. 

Here, the 𝑘𝑏 is the Boltzmann constant, and the  𝑟𝑖 is the solute 

hydrodynamic radius (Cukier, 1984). 

 

𝐷𝑖1 =
𝑘𝑏𝑇

6𝜋𝜂𝑟𝑖
                 (72) 

 

Generally, the models to compute the solute's diffusivity into 

hydrogel structure 𝐷𝑖𝑠 have the typical form that uses a 

multiplication function 𝑓(𝜉, 𝜑2, 𝑟𝑖), where 𝜉  is the average mesh 

sizes of the network. This function corrects the pure liquid diffusion 

of the solute for effect generated by the polymeric network's 

presence that exerts a sieving impact.  Two theories have been using 

to create a phenomenological function: (i) free volume theory, 

which adopts a transport via dynamic empty spaces between the 

molecules (molecular scale) (Cohen and Turnbull, 1959); (ii) 

obstruction theory, which consider the polymeric network as a 

barrier for the diffusion of the dilute solute (nanometric and 

micrometric scale) (Mackie and Meares, 1955). 

The likelihood that both phenomena happen 𝑃(𝐹𝑉 ∪ 𝜉) represents 

the complete function. However, the probability that the solute will 

diffuse by two mechanisms simultaneously is zero because the two 

events are essentially mutually exclusive as they happen at a distinct 

length scale. Many functional forms exist for the two theories in 

separate ways (Kapur et al., 1996; Amsden, 1998; Amsden, 1999). 

Nevertheless, it is possible to express both mechanisms' likelihood 

by the sum of two individual probabilities, representing the physical 

possibility of one mechanism being more present than the other, as 

shown in the equation (73). The compound expression uses the 

Gaussian error function (erf(𝑥)) and its complementary (erfc(𝑥)) 

as weight prefactors that are based on a physical theory and do not 

in empirical observations, as seen in equation (74) (Axpe et al., 

2019). This model considers an intermolecular force negligible 

(Lustig and Peppas, 1988; Hadjiev and Amsden, 2015; Hansing and 

Netz, 2018). 

𝐷𝑖𝑠

𝐷𝑖1
= 𝑓(𝜉, 𝜑2, 𝑟𝑖)  ≈ 𝑃(𝐹𝑉 ∪ 𝜉) = 𝑃(𝐹𝑉) + 𝑃(𝜉)         (73) 

 

𝐷𝑖𝑠

𝐷𝑖1
= [erf (

𝑟𝐹𝑉

𝑟𝑖
) exp (− (

𝑟𝑖

𝑟𝐹𝑉𝑊
)

3

(
𝜑2

1 − 𝜑2
))

+ erfc (
𝑟𝐹𝑉

𝑟𝑖
) exp (−𝜋 (

𝑟𝑖 + 𝑟2

𝜉 + 2𝑟2
)

2

)]       (74) 

 

The 𝑟𝐹𝑉 is the average radius of the free volume voids comparable 

with the 𝑟𝑖 to determinate the dominate mechanism: (𝑟𝐹𝑉~𝑟𝑖) the 

diffusion via free volume dominates;  (𝑟𝐹𝑉  ≪ 𝑟𝑖) the mesh sizes are 

the limiting factor because the size of solute is as much large as the 

free volume void. The 𝑟𝐹𝑉𝑊 is the radius of the water's free volume 

void as a solvent that is 2.69 Å (Kotera et al., 2005; Hagel et al., 

2013). The positron annihilation lifetime spectroscopy (PALS) has 

been using to determine the free volume radius (Axpe et al., 2014; 

Giri et al., 2015; García-Arribas et al., 2016). The hydrogel's mesh 

size is experimental determination, typically using spherical 

indentation (Offeddu et al., 2018). 

 
5. Conclusions 
 

The poroviscoelasticity as macroscopic dynamic behavior, 

characteristic of the PHGS, was associated with the microscopic 

events of viscoelasticity and poroelasticity. The first was related by 

a conformational event in and between polymers chains, and the 

second with a diffusion of solutes and solvents through the 

polymeric network by the action of the differences in the chemical 

potential. Both behaviors were linked by a characteristic time 

unique for a pair polymer-solvent. Also, macroscopical physical-

chemical properties of PHGS were explained in terms of the 

chemical or physical crosslinking and by the chemical bonds present 

between the polymer chains. The equilibrium state of PHGS with 

the surroundings was shown in terms of the swelling mass ratio, the 

osmotic pressure, and the energy balance. Then, the infinitesimal 

and finite deformation approaches could describe the dynamical 

behavior of the PHGSs concerning the changes in the total 

Helmholtz free energy of the system due to the actions of the 

mechanical forces and differences in the chemical potential. The 

total Helmholtz free energy of the system was calculated as a sum 

of the individual contributions of the Helmholtz free energy related 

to specific phenomena, especially to the elastic Helmholtz free 

energy and the mixing Helmholtz free energy. In the same section, 

the poroviscoelasticity approach, founded in a discrete rheological 

model, described the deformation of the PHGSs as a function of 

macroscopical properties of the system, as the shear modulus, the 

Poisson ratio, the viscosity of the system, and the experimental 

permeability. The final section has exposed the multicomponent 

mass transfer in PHGSs, where a way to know the mass transfer 
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regimen was explained. The finite deformation approach extends to 

include other chemical species, as solutes and counterions, inside 

the model structure.  The molar flux calculation of the chemical 

species through the PGHS structure and the diffusional coefficients 

under the action of the polymeric network was expounded. Thence, 

the selection of a model is limited for the complexity requirements 

of the PHGS application. Thus, for example, it is necessary to know 

when a particular situation needs to include extra definitions of the 

Helmholtz free energy or where it is crucial the use the 

multicomponent mass transfer description. Future works are 

expected, where the equation group conformed by the constitutive 

equations, and the implicit constraints configure an initial and 

boundary problem. Dynamic simulations of PHGSs can be done 

using the models exposed or similar inside the finite element method 

(FEM), a meshless method, the Monte Carlo technic, or others. 

Based on experimental data, other future studies are awaited how it 

is the case of a model for the mixing Helmholtz free energy in the 

PHGSs that can describe the interaction of the solvent with the 

polymeric crosslinking network without the simplification of linear 

polymer (Flory- Huggins model). 
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